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Abstract

This study investigates the influence of the water level fluctuation on the stability of soil slopes using coupled seepage and
slope stability analysis. A simulation framework was proposed and implemented seamlessly using Python code to seek
insights into three factors that have not been thoroughly studied for this issue: soil unit weight variation in the unsaturated
zone, unsaturated shear strength models, and velocity of water drawdown. For this purpose, the seepage analysis was
carried out by discretizing a numerical seepage analysis model using a finite element analysis platform, FEniCS. The
output of the seepage analysis, i.e., pore water pressure distribution, was used as input for the slope stability analysis. Limit
equilibrium methods including the Bishop Simplified method and the Ordinary Method of Slices were modified to take into
consideration the unsaturated shear strength, unit weight variation in the unsaturated zone, and hydrostatic pressure
changes in response to the water level fluctuation of a reservoir. Both seepage and slope analysis modules were validated
against commercial programs. Analysis results obtained with the validated framework clearly revealed the distinct
influences of the three factors in representative silty and sandy slopes.

Keywords Slope stability - Transient analysis - Unsaturated shear strength - Water level fluctuation

1 Introduction Many case studies have identified the water level fluc-

tuation in the reservoir as a major reason for landslides

Landslides are natural disasters that can cause huge prop-
erty and human losses in living areas [11, 24, 27]. In recent
years, climate change has altered the environment,
specifically the water level of surface water bodies such as
reservoirs, along with the frequency and intensity of rain-
fall events [22]. The water level fluctuation of surface
water and rainfall infiltration influences the pore water
distribution and the groundwater table in nearby slopes,
which may lead to more landslides due to the shear strength
reductions or deformations [12, 26].
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[14, 17, 20, 30, 36, 41]. The Three Gorges Dam in China is
one of the well-known examples that have triggered
numerous landslides in the surrounding areas due to the
water level changes in the reservoir [18, 19]. Oya et al. [25]
found that a rapid drawdown after flood loading could
cause riverbank failures due to the reduction in the stabi-
lizing effect of the hydrostatic pressure. Besides, the slow
pore water drainage of fine-grained material was reported
as another important factor for the soil strength reduction in
the slopes subjected to river water level fluctuations [20].

Despite the efforts, the influence of the water drawdown
velocity on the safety factor variations, especially that in
different types of soils, still requires more investigation. In
existing studies on water level fluctuations [6, 20, 30, 39],
the shear strength of unsaturated soil in the slope stability
analysis was generally described using a linear unsaturated
shear strength model, i.e., the Fredlund et al. [8], or non-
linear models, i.e., the Vanapalli et al. [33] and the Fred-
lund et al. [9]. The linear model assumed a constant qu
value for the unsaturated shear strength, while the
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nonlinear models included the Soil Water Characteristic
Curve (SWCC) via a unit-less volumetric water content
function [40]. The influence of unsaturated soil strength
models in the stability analysis of slopes during a water
level fluctuation has not been thoroughly studied. In
addition, rare attention has been paid to the fact that the soil
unit weight changes spatially in the unsaturated zone of the
slope during the transient saturated—unsaturated flow,
which may considerably change the stability analysis
results especially for the fine-grained materials.

To fill the above-mentioned knowledge gaps, this paper
presents a framework that seamlessly couples seepage and
slope stability analysis to better understand the influence of
water level changes on the safety status of slopes. In par-
ticular, three factors that are possibly significant yet have
not been well considered in previous studies are investi-
gated: (1) two different unsaturated shear strength models
including the Fredlund et al. [8] and the Vanapalli et al.
[33], (2) soil unit weight variation due to the changes of the
degree of saturation in both the time (temporal) and the
computational domain of slope (spatial), and (3) the
influence of the water drawdown velocity on the magnitude
and pattern of factor of safety (F'S) variations. It is believed
that discussions on these factors need to be done with
respect to soil types. Therefore, two representative types of
soils (a sand and a silt) are adopted in all the analyses.

In the following sections, details for the coupled
framework, including mathematical models for both seep-
age analysis and slope stability analysis, and the numerical
implementation of the framework will be presented first.
This coupled seepage and slope stability analysis frame-
work was developed in Python to holistically (1) determine
the pore water pressure distribution in the slope within the
transient saturated—unsaturated flow using a Finite Element
Method (FEM), and (2) analyze the stability of the slope by
implementing the pore water pressure distribution at each
time step using both the Bishop Simplified method (BS)
and the Ordinary Method of Slices (OMS), which were
modified to consider the unsaturated shear strength models,
spatial variation in the soil unit weight, and hydrostatic
forces of the partially submerged slope. The framework
was validated against commercial software and via cross-
validation to confirm the accuracy. Analyses of different
scenarios were performed to consider the three factors and
summarized to reach insights that deepen our understand-
ing of this issue.
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2 Method: framework for coupled seepage-
stability analysis

In recent years, different frameworks have been proposed
for coupling the seepage and stability analysis in partially
saturated slopes [2, 6, 10, 13, 16, 20, 21, 28]. The proposed
frameworks mainly employed commercial programs such
as SVFLUX, SVSLOPE, SEEP/W, and SLOPE/W. Despite
the fact that these packages make the modeling process
easier, they are not free and easy to access for everyone.
Thus, this study presents a framework written in a free and
open-source programming language, Python. Another great
advantage of this open-source platform is the flexibility and
convenience of further modifying the governing equation
and auxiliary equations for more complicated and cus-
tomized seepage and stability analyses. In the proposed
framework in this study, transient saturated—unsaturated
seepage analysis was implemented with an open-source
Python library, DOLFIN, coupled with slope stability
analysis programmed with Python (ver. 3.7.2). DOLFIN is
a Python interface of FEniCS which solves nonlinear
Partial Differential Equations (PDEs) using the FEM. This
open-source finite element analysis platform enabled the
seepage analysis to model the dynamically changing
boundary conditions in response to flooding and rapid
water level drawdown. Seepage analysis yielded pore water
pressure distributions in the slope during a water level
fluctuation, which were used to analyze the stability of the
slope at each time-step. The slope stability was analyzed
with two Limit Equilibrium Methods (LEMs), i.e., the BS
and the OMS, which were modified to allow for the vari-
ation in the degree of saturation and the subsequent varying
unit weight of soil, unsaturated shear strength models, and
the changes in the hydrostatic pressure.

2.1 Seepage analysis: mathematical model

2.1.1 Governing equation for the transient saturated-
unsaturated flow

The governing equation for a transient saturated—unsatu-

rated model was obtained by modifying the Richards

equation [23],

O(h+2z)
ot

where S and K were defined based on the degree of satu-
ration (Eq. 2):

S

=K x V(V(h+2)), (1)

{ Saturated Flow — K = K, S = §; 2)

Unsaturated Flow — K = K,K,, S=S,’

where h[m] is the pressure head, z[m] is the elevation head,



Acta Geotechnica (2022) 17:2139-2156

2141

t is time, K[m/s] is the hydraulic conductivity, S;[1/m] is
the specific storage of saturated flow, and S.[1/m] is the
specific moisture capacity for unsaturated flow. In saturated
flow, the saturated hydraulic conductivity, K, was used in
the equation; for unsaturated flow, K was replaced with
KK,, where K,[-] is the relative hydraulic conductivity. K,
defines how the hydraulic conductivity changes with the
effective degree of saturation (S.). One widely adopted
relationship for K, proposed by van Genuchten [32] was
used:

k=st(1-(1 —S;/“)a)z, 3)

where a and b are empirical parameters and S, is the
effective degree of saturation. The hydraulic conductivity
decreases as the effective degree of saturation decreases.

The effective degree of saturation, S., is related to the
suction via the SWCC. In this study, an equation provided
by van Genuchten [32] was adopted:

w1

where S,,[-] is the water saturation, S,[-] is the residual
saturation, Y/[Pa] is the matric suction, and P, [Pa] is a
parameter related to the air entry value (AEV) [3, 40].

To close the equation system, Eq. 4 is rewritten in terms
of water head (h) as Eq. 5:

Ty
(5)

where y,,[N / m?] is the unit weight of water and 4[m] is the
negative pore-water head representing the matric suction.

The specific storage for the saturated flow, S;[1/m], is
the volume of water released from a unit volume of aquifer
per unit decline in the hydraulic head. S; is the function of
the compressibility of soil and water and the soil porosity
[29]:

14dv,
s = 35 = 7,(Cs Cv), 6
Vvoan = w(CGtnG) (6)

where C,[ms? /kg] is the soil compressibility, n[-] is the
soil porosity, and C,,[ms? / kg] is the water compressibility.

The specific moisture capacity for unsaturated flow,
Sc[1/m], defines the rate of change in the water content per
unit change of the negative water head. S, is a function of
h, which can be obtained using Eq. 7:

60’ oS,

SC: & :VLE, (7)

where 0[-] is the volumetric water content.

2.2 Materials

In this study, two representative soils, i.e., a sand and a silt,
were chosen to assess the influence of soil types. Material
properties for the transient saturated—unsaturated flow
model for the sand and silt were adopted from a published
study [3] (see Table 1). Figure 1 presents the SWCC and
the relationship between the relative hydraulic conductivity
and the effective saturation for the chosen silty and sandy
soils. Empirical parameters including a, b, and P, were
derived from SWCC reported in Cho [3]. It is noted that the
values of the specific storage (S;) for saturated flow were
assumed based on the ranges provided by Sethi and Di
Molfetta [29] for sands and silts.

2.2.1 Geometry and boundary conditions

A typical water level fluctuation profile, illustrated in
Fig. 2, was adopted in this study. First, the water level in
the reservoir rises from 9 to 15 m in 35 days with a con-
stant velocity of V, = 0.171 m/day. Then, the water level
remains constant for 15 days. In the following 20 days, the
water level decreases with a higher velocity of
Vs = 0.3 m/day. Eventually, the water level in the reser-
voir stays at 9 m for 20 days. Modifications to this profile
were made for sensitivity analysis of the water level
drawdown velocity on the FS. More details are given in
Sect. 4.4.

Figure 3 shows the geometry and boundary conditions
for the slope next to the reservoir. As shown, the boundary
condition on the right side of the slope was set to a constant
total water head of 9 m, while the boundary condition of
the left side was a water head changing with time as the
water level in the reservoir fluctuates. The initial level of
water in the slope was 9 m before the water level
fluctuation.

Dirichlet and Neumann boundary conditions were used
to formulate the constant hydraulic head and flux, respec-
tively. The bottom boundaries, i.e., “FE,” and “PC” and
“CD” were set to “no flux” and were mathematically
formulated as Eq. 8:

—V(h + Z) -H=0o0n F(FE,PC, cD) fort > 0, (8)
“DE” was set to a Dirichlet boundary condition that
represents a constant water head as Eq. 9:
h+Z:90nF(DE) fOI't>07 (9)
The remaining boundaries “FA,” “AB,” and “BP”
were set to a special dynamic Dirichlet boundary condition

as below, which represents the water level fluctuation in
the neighboring water reservoir:
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Table 1 Material properties for the seepage model adopted from Cho [3] and Sethi and Di Molfetta [29]

Model input Definition Sand Silt
K, Saturated hydraulic conductivity (m/s) 1 x10°° 3x107°
S, Residual saturation 0 0
S Saturated specific storage (1/m) 1x107* 1x1073
a Empirical parameter 0.445 0.336
b Empirical parameter 0.5 0.5
Py Empirical parameter (Pa) 1500 4905
n Porosity 0.35 0.5
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Fig. 1 Properties of two representative soils documented in Cho [3]: a SWCC and b relative hydraulic conductivity (k;) vs. effective degree of
saturation (S.)
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Fig. 2 Typical fluctuation of the reservoir water level in 90 days

9+ 0.171¢if 0 days <t <35 days

h+z=9+4+0.171¢ if 0 days << 35 days 15 if 35 days <7 <50 days .
h+z=15 if 35 days <1 <50 days % =4 15— 031 50 days <1 <70 days ’ (11)
h+z=15-0.3(—50) if50days<t<70 days’ )
h+z=9 if 70 days <t <90 days 9if 70 days <r<90 days
Xc — X
(10) Xp :xBJriC u (yp *)’B) (12)
yc — VB

To implement the dynamic boundary condition for
“BC,” the point “P” was defined as a variable changing
with time. At each time step, the coordinate of “P” was
updated as follows

Additionally, it is required to set an initial value for the
total head of the system, i.e., 9 m, as the initial condition to
solve the governing equation,

@ Springer



Acta Geotechnica (2022) 17:2139-2156

2143

h4+z=9 inQatr=0, (13)

2.3 Slope Stability Analysis: Mathematical Model

For the slope stability analysis using LEMs, the BS [1] and
the OMS [7] were selected considering their wide accep-
tance and convenience in automating the computational
process. However, modifications are needed for the FS
equations in the conventional BS and OMS to allow slope
stability analysis to be integrated with a transient satu-
rated—unsaturated flow. These modifications include (1)
spatial variation in the soil unit weight, (2) unsaturated
shear strength models, and (3) hydrostatic forces induced
by a water level fluctuation.

Figure 4 shows a schematic of the stability analysis for a
partially submerged slope. As shown in Fig. 4a, slip sur-
faces in the stability analysis were searched using the
“grid-radius” method. In this method, a range was defined
for the center coordinate (X.,Y.) and the radius (R) of
circular slip surfaces, and then, trial slip surfaces were
generated by various combinations of X, Y., and R. Itis a
common practice that, in both the BS and OMS, the soil
body above the circular slip surface is divided into a given
number of vertical slices (V,). In addition to the vertical
slices, in this study, each vertical slice was also divided
into a given number of cells (N,) to more accurately con-
sider the soil mass above the slip surface. Figure 4b shows
the forces and stresses acting on a typical vertical slice. In
this figure, F,, is the hydrostatic force induced by the water
in the reservoir, W is the total weight of the vertical slice, t
is the mobilized shear stress at the base of the vertical slice,
and o, is the total normal stress on the base of the vertical
slice. In the following subsections, the required

Fr

Number of cells (N;)

Fig. 4 Illustration of the stability analysis for the partially submerged
unsaturated slope: a “grid-radius” method to search trial slip surfaces
and b forces and stresses acting on a vertical slice

modifications for the computations of the BS and OMS will
be discussed.

2.4 Spatial variation in the soil unit weight

In conventional slope stability analysis using LEMs, the
dry unit weight and saturated unit weight are usually used
for the unsaturated and saturated zones in the slope,
respectively. The assumption of the dry unit weight for the
unsaturated zone may underestimate the driving forces of
the slip surface. This is because the soil unit weight
changes as the degree of saturation changes spatially and
temporally during the water level fluctuation. This rela-
tionship was formulated as Eq. 14, which can be derived
from relationships between basic soil index properties [4],:

G+ See

1+e Yw = ydry + nSerw (14)

where y[kN / m?] is the natural unit weight of the soil, G,[-]
is the specific gravity of soil particles, e[-] is the void ratio,
n[-] is the porosity, 74, [kN / m?] is the dry density of soil,
yw[kN/m3] is the unit weight of water, and S,[-] is the
effective saturation of the soil. The first step to more
accurately calculate the weight of the soil mass above the
slip surface was to divide the slip surface into vertical
slices, and the slices were then evenly divided into cells.
Next, for each cell, the degree of saturation was calculated
with Eq. 5 using the pore water head distribution results
from the seepage analysis. Then, the unit weight of the soil
was calculated using Eq. 14. Eventually, the weight of a
vertical slice j, W;, was computed using Eq. 15:

Ne
W= ZBchVk7 (15)
k=1

where B,[m] is the width of the vertical slice j, B.[m] is the
height of the cells within the vertical slice j, y, is the soil
unit weight of the cell k£ within the vertical slice j, and N, is
the number of cells within individual vertical slices.

2.4.1 Unsaturated shear strength

In this study, two common models for the unsaturated shear
strength, i.e., the Fredlund et al. [8] (Eq. 16) and the
Vanapalli et al. [33] (Eq. 17), were considered to assess the
influence of such models on the slope stability analysis of
variably saturated slopes with an emphasis on the water
level fluctuation. Both models were also used to investigate
the influence of the effective saturation on the results of F'S:

U,)tan ¢’ + (U, — U,,) tan ¢*, (16)
Ua)tan ¢l + (Ua - UW)[tan (]’)/SEL (17)

t=c + (6, —

=+ (6, —
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where 7[kN / m?] is the shear strength of the unsaturated
soil, ¢'[kN/m?] is the effective cohesion, ¢'[°] is the
effective internal friction angle, o,[kN/m?] is the total

normal stress, ¢”[°] is the angle representing the rate of
increase in the shear strength relative to the matric suction,
S, is the effective degree of saturation, and
U, — U,[kN/m?] is the matric suction in which U, is the
pore air pressure and U, is the pore water pressure. This
study ignores changes in the pore air pressure considering
that its influence in seepage processes without high flow
speeds and pressures is negligible [31]. To determine U,, =
7,7 for a vertical slice, the pore water head (4) at the base
of the vertical slice was derived from the pore water head
distribution resulting from the seepage analysis.

2.4.2 Hydrostatic forces

In a partially submerged slope, the hydrostatic forces may
play a significant role in the stability of the slope [37].
Thus, it is required to modify the BS and OMS to consider
the effects of hydrostatic forces. In this study, the pore
water head on the top of each vertical slice (see Fig. 4b),
i.e., h; and hy, was derived from the pore water head dis-
tribution from the seepage analysis. Positive values of #;
and A, indicate that the vertical slice is submerged, while
negative values mean that there is no water on the top of
the selected vertical slice. For the submerged vertical slice,
the hydrostatic force, F,,, was calculated with Eq. 18:

h + ho B,
o))

where f§ is the angle between the slope surface and the
horizontal direction.

2.4.3 Modified BS

The BS was modified to consider unsaturated shear
strength models, spatial variation in the soil unit weight,
and hydrostatic forces. The FS of the original BS was
obtained as Eq. 19:

Ny

PO {c’ + (? — UWJ,) tan (b/}
=
FS = - (19)
VVj .
> g sinoy

1

~
Il

where W; is the total weight of the vertical slice j, Uy, is the
pore water pressure at the mid-point of the base of the
vertical slice j, and m, is defined as.

1
m, = coso; + 7S sin o tan ¢, (20)

@ Springer

where o; is the angle between the tangent to the base of
the vertical slice j and the horizontal direction.

The FS equation was derived by ensuring (1) the force
equilibrium in the vertical direction to determine the total
normal stress (a,) for a typical vertical slice and (2) the
moment equilibrium about the center of the slip surface to
determine the FS. The inter-slice side forces were neglec-
ted because they do not make a noticeable difference in the
results [15]. From the force equilibrium for the vertical
slice j, o,; was derived as Eq. 21,

W
O :37:+ij cos f — tjtan oy, (21)
where 7; is defined with Eq. 22 for BS considering the
Fredlund et al. [8] model for the unsaturated shear strength:

1
Y= g ¢ + (o, — U,) tan ¢ + (U, — Uy)tan qbb],

(22)

0, is obtained by replacing t; in Eq. 21 with Eq. 22.
Finally, the F'S was derived via the consideration of the
moment equilibrium about the center of the slip surface,
see Eq. 23:

N
< 1
FS =

=1 Malltb (23)

[c’ + (me — Uy) tan ¢’ + (U, — U,),tan |,

where (U, — U,); is the matric suction at the mid-point of

the base of the vertical slice j, and m;, and m, are defined

as:

o ‘/V] sin OCj (lep>j

B, RB, ’
(W, + Fy, cos )

c — ) 25
m . 25)

(24)

myp

where /, is the moment arm of F,, about the center of the
slip surface (see Fig. 4a).
Equation 26 is the modified FS equation with the
Vanapalli et al. [33] model
N,
X 1
FS =

j=1 Mallb (26)
[c’ + (me — Uy) tan ¢’ + (U, — U, );tan (j)'Se/},

where §,; is the effective saturation at the mid-point of the
base of the vertical slice j. Iterations are needed for cal-
culating the safety factor through BS because FS” appears
on both sides of the equation.
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2.4.4 Modified OMS

The OMS developed by Fellenius [7] is another common
LEM. Whitman and Moore [38] demonstrated that the
values of FS predicted with the OMS were usually lower
than the true values. Despite such findings, the OMS was
still implemented to cross-validate BS. Equation 27 is the
FS equation of the conventional OMS:

Ny

B,
FS = e
; W; sin® o

W4
{c’ + (B—’ sin o cos o — UW/.> tan qb’] ,
(27)

This method ensures the force equilibrium in the
direction normal to the arc at the mid-point of the base for
every vertical slice to determine the total normal stress
(0,,). It is noted that this direction changes between vertical
slices. Then, the FS is calculated via the consideration of
the moment equilibrium about the center of the slip sur-
face. The OMS neglects both inter-slice normal and shear
forces. The simplicity of the FS calculation is a major
advantage of this method, while the major disadvantage is
the slightly lower accuracy compared with the BS. Con-
sidering the force equilibrium for the vertical slice j, gy,
was derived as follows:

2

Ty = cos” % [W] + F,, cos ﬁ], (28)
The FS was then derived from the moment equilibrium
as Eq. 29,
Ny
7;B, sec ;R
_ J=1
FS =~ , (29)

X I:VVI Sin O(]R - (lep)j:|
1

J

where 7; is defined using Eq. 30 based on the Fredlund
et al. [8] model for the unsaturated shear strength as:

Tj = C/ + (O-n - Ua)jtan (,ZS, + (Ua - Uw)jtan d)bv (30)

By replacing 7; in Eq. 29 with Eq. 30, the FS equation
modified with the Fredlund et al. [8] model was obtained as
Eq. 31:

N, 1
FS =
; Cos oy,
[c’ + (me cos* o0; — Uy) tan ¢’ + (U, — U,,)tan ¢" |,

(31)

Equation 32 is the modified FS equation with the
Vanapalli et al. [33] model for the unsaturated shear
strength:

Ny 1

FS =
J=1

[c’ + (m cos® o — U, ) tan ¢’ + (U, — Uy),tan d)'Se/],
(32)

COs o;my

Model parameters for the slope stability analysis are
provided in Table 2. It is noted that the value of ¢b was
assumed to be ¢’ /2 for both the sand and silt [12, 34].

2.5 Numerical implementation

The above framework was implemented using Python code
to automatically search for the minimum FS of the partially
submerged and unsaturated slope during the water level
fluctuation. A detailed procedure for implementing the
coupled transient seepage and slope stability analysis is
illustrated in the flowchart shown in Fig. 5.

The flowchart was organized around two major goals:
(1) finding the pore water head distribution obtained from
the transient seepage analysis and (2) analyzing the sta-
bility of the slope during the transient flow. To achieve the
first goal, the DOLFIN package, which is a Python inter-
face of a finite element analysis platform, FEniCS, was
utilized. The governing equation for the transient satu-
rated—unsaturated flow is a time-dependent PDE, which
was solved by implementing the FEM-variational formu-
lation. The solution of the PDE is the total head (h + z),
which varies in both time and space. Input parameters for
the transient seepage analysis include unsaturated soil
characteristics (a, b, Py, u,), saturated specific storage
(Sy), saturated hydraulic conductivity (Kj), slope geometry,
boundary conditions, initial water table, and time variables
(total time of the water level fluctuation, T = 90 days, and
the number of time steps to for calculating the time step,
At = T /num_steps).

To solve the PDE using the FEM, a mesh consisting of
3-node Lagrangian elements was generated in the compu-
tational domain of the slope (). Neumann and Dirichlet
boundary conditions were assigned to the defined subdo-
mains as described in Sect. 2.1.3. The initial boundary
condition was specified as the solution to the PDE att = 0.
Auxiliary equations for the unsaturated hydraulic conduc-
tivity and effective saturation were given to the model.
Next, the PDE for the governing equation was reformulated
as a finite element variational problem. For each time-step,
the boundary conditions were updated based on the water
level at a time #; as described in Sect. 2.1.3. Solving the
PDE yielded the total water head distribution at the time ¢;.
Subtracting the elevation head from the total water head
surrendered the pore water head distribution which was
later employed in the stability analysis.
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Table 2 Model parameters for slope stability analysis

Model input Definition Sand Silt
Vary Dry unit weight of soil (kN/m>) 16.40 16.40
Vsat Saturated unit weight of soil (kN/m?) 19.83 21.30
¢’ Friction angle 35° 30°
J Cohesion (kN/m?) 3 10
¢’ The angle representing the rate of increase in the shear strength relative to the matric suction 17.5° 15°
U, Pore air pressure 0 0

N, Number of vertical slices 100 100
N, Number of cells within the vertical slices 20 20

The inputs for the stability analysis at the time #; are
relevant soil parameters (C', ¢, Varys My @, Po, ¢"), the
numbers of vertical slices (Ny), the number of cells within
the vertical slices (N¢), the slope geometry, and the water
head distribution at the time #;. Trial slip surfaces were
generated using the defined range of the center coordinates
(X.,Y.) and the radius (R). Each trial slip surface was
divided into Ny vertical slices. The shear force at the
midpoint of the base and the hydrostatic force at the top
were calculated for the submerged vertical slice. However,
for the unsubmerged vertical slice, only the shear force was
calculated. The vertical slice j was then divided into N¢
cells. To compute the accurate weight of each cell, the
degree of saturation was first calculated at the center of the
cell using the pore water head distribution. It is worthwhile
to mention that the pore water head of the closest node to
the center of the cell was adopted to proceed with the
calculations. The computation process ends when the
weight of the trial slip surfaces is obtained. Next, the F'S for
the trial slip surfaces was calculated using the modified BS
and OMS. The coupled seepage and slope stability analysis
was repeated for the time #;; until #;;; > 90 days. It is
worth noting that the slope stability analysis was limited to
specific times during the water level fluctuation due to the
high computational cost of the slope stability analysis. In
the end, the minimum FS was obtained for the desired
times during the water level fluctuation.

3 Validation

The computer code for the coupled transient seepage and
slope stability analysis was validated for both the transient
seepage analysis and slope stability analysis. To validate
the written code for the seepage analysis, another finite
element PDE solver, FlexPDE Ver. 6.36 s, was used. The
Python script for the slope stability analysis was validated
using GeoStudio SLOPE/W Ver. 2020, a widely adopted
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slope stability program. It is worthwhile to mention that the
developed code is needed despite the existence of programs
like FlexPDE and GeoStudio because such programs can-
not be seamlessly implemented with the aforementioned
modifications, which are required for this study.

3.1 Validation of transient seepage analysis

The newly developed code for transient seepage analysis
was validated against a general-purpose scripted finite
element model builder to solve first or second-order PDEs,
FlexPDE [23]. This commercial package has been widely
adopted for solving PDEs due to its easy implementation.
However, modeling the complex boundary conditions such
as flooding and drawdown cannot be easily implemented in
FlexPDE. Thus, for the validation, a transient flow case that
includes an alternative quasi-static boundary condition for
a sudden water level change was simulated with both the
new code and FlexPDE. This consideration is adequate to
validate the mathematical system of the seepage model in
this study.

In this case, the numerical model was defined with the
same geometry (see Fig. 3), initial condition (Eq. 13), and
the silty soil properties (Table 1) as described in previous
sections. The duration of the transient flow was 35 days.
The boundaries “FA,” “AB,” and “BP” were defined as
constant Dirichlet boundary conditions representing a
constant water level of the reservoir, i.e., 15 m:

Dirichlet BC

h+z=15 on F(AF,ABA,BP% (33)

The remaining boundaries are similar to those in the
model introduced in Sect. 2.1.3. To validate the results,
two different paths were defined: (1) from (0, 0) to (40, 19)
(2) from (10.6, 9) to (40, 9). This difference between the
water level of the reservoir, which is exhibited as the dif-
ference between the water head on “BC” and the initial
groundwater table, would trigger seepage that is similar to
what happens in a slope after a water drawdown.
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Fig. 5 Flowchart for implementing coupled transient seepage and slope stability analysis

@ Springer



2148

Acta Geotechnica (2022) 17:2139-2156

FeniCS

- - = FlexPDE

Total head (m)

x (m)

(a)

FeniCS

- - - FlexPDE

Total head (m)

0 10 20 30 40
x(m)

(b)

Fig. 6 Validation of transient saturated—unsaturated seepage model in FeniCS against FlexPDE for silty slope at t = 35 days along a path plot

from (0, 0) to (40, 19) and b path plot from (10.6, 9) to (40, 9)

The solutions of the seepage analysis from the written
code and FlexPDE, i.e., the total water head (h + z or u),
were compared along the two paths in the slope as shown
in Fig. 6. A comparison of the path plots from FEniCS and
FlexPDE shows that the results from FlexPDE closely
agree with the results from FEniCS. In Fig. 6a, there is a
noticeable oscillation in the FlexPDE result, where the
saturated soil meets the unsaturated soil. This is because
the PDE is highly nonlinear at the boundary of saturated
and unsaturated zones. It is also noted that there is a neg-
ligible oscillation in the FeniCS result at the same location.
In fact, the smaller oscillation in the FeniCS result com-
pared to the FlexPDE result in Fig. 6a indicates that the
seepage analysis implemented in this study with FEniCS
with a more delicate temporal difference scheme is more
reliable than FlexPDE for the targeted transient saturated—
unsaturated seepage analysis.

3.2 Validation of slope stability analysis

The written Python script for the slope stability analysis in
this study was validated using SLOPE/W. SLOPE/W was
selected because it provides an advanced option to consider
the unit weight variation in the unsaturated zone via a user-
defined volumetric water content function. By contrast,
other common slope stability programs such as SVSLOPE
and Slide2 can only consider one average value for the
unsaturated soil unit weight above the water table.

The stability analysis was validated for both sandy and
silty slopes using the modified BS and OMS with the
Vanapalli et al. [33] model for the unsaturated shear
strength. For simplicity, the FS values were only validated
for the initial level of the groundwater table at t = 0, i.e.,
9 m (see Fig. 3). Soil properties for the sandy and silty
slopes are listed in Table 2.
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Table 3 Comparison of FS values from SLOPE/W and the proposed
computer code

Type of soil  Limit equilibrium method New code =~ SLOPE/W

Sand BS 1.301 1.301
OMS 1.246 1.239

Silt BS 1.633 1.636
OMS 1.556 1.543

Calculated F'S values using the modified BS and OMS in
this study (new code) and SLOPE/W are listed in Table 3
for the defined silty and sandy slopes. The results from
SLOPE/W confirmed the accuracy of the Python code in
this study.

4 Results and discussions

4.1 FS variation in typical water level fluctuation
processes

Figure 7a and b shows the results of the stability analysis
for the silty and sandy slopes during the 90 days of water
level fluctuation, respectively. These figures also provide a
comparison between the modified BS and OMS with the
Vanapalli et al. [33] model for the unsaturated soil shear
strength. For the silty slope, it was observed that the
modified BS yielded FS results that are 3.8% to 17.0%
greater than the FS results obtained from the modified
OMS. For the sandy slope, the FS results calculated with
the modified BS are 4.5% to 9.1% greater than those
computed using the modified OMS. It was noticed that the
two selected methods do not necessarily lead to the same
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Fig. 7 FS variation during water level fluctuation using two modified LEM methods with Vanapalli et al. [33] model in a silty slope and b sandy

slope

critical slip surface in the condition of identical materials,
geometry, and boundary conditions.

Despite the difference between BS and OMS results
reported above, the modified BS was selected to conduct
the FS analysis hereafter considering that the BS is more
widely adopted for its reliable performance in most cases
[5, 35].

When the reservoir water level increases, i.e.,
t = 0 — 35 days, Fig. 7a and b shows that the FS increases
as the hydrostatic pressure induced by the reservoir water
level increases. By rising the reservoir water level from 9
to 15 m, the FS of the silty slope experiences a 45.4%
increase, i.e., from 1.63 to 2.37, and the FS of the sandy
slope increases by 36.9%, i.e., from 1.30 to 1.78. The
increase in the F'S of the silty slope is 8.5% greater than the
sandy slope. A comparison of the water tables at
t = 35 days in silty and sandy slopes, as shown in Fig. 8a
and b, helps explain this difference. The groundwater
table in the sandy slope reaches a higher level than in the

- - — Groundwater table at t=0

Groundwater table at t=70 days

18
16
14
12
~ |10 F
8 >
6
4
2
0
0 10 20 30 40
x (m)
(a)

silty slope under a similar condition for the reservoir water
level due to the greater hydraulic conductivity of the sandy
slope. A higher level of the groundwater table increases the
slope’s total weight, leading to a slower growth rate for the
FS.

When the reservoir water level stays unchanged, i.e.,
t = 35 — 50 days, there is a reduction in the FS in both the
silty and sandy slopes as shown in Fig. 7a and b, respec-
tively. During this period, the FS of the silty slope
decreases by 5.1%, i.e., from 2.37 to 2.25, and the F'S of the
sandy slope decreases by 1.7%, i.e., from 1.78 to 1.75. The
difference in the F'S reduction is caused by the fact that, as
shown in Fig. 8a and b, the increase in the groundwater
table in the sandy slope is less than the increase in the silty
slope. Both cases reach the same level of groundwater
table at r = 50 days.

During the period of water drawdown, i.e.,
t =50 — 70 days, the hydrostatic pressure, which helps
stabilize the slope as can be seen in Eq. 26, decreases

Groundwater table at t=35 days — - - Groundwater table at t=50 days
Groundwater table at t=90 days

18
16
14
3 12
Ty 10 g
8 >
6
4
2
0
0 10 20 30 40
x (m)
(b)

Fig. 8 Groundwater table during water level fluctuation in a silty slope and b sandy slope
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continuously. As a result, the FS begins to decrease in both
silty and sandy slopes. In the process, the FS of the silty
slope decreases by 34.7%, i.e., from 2.25 to 1.47, and the
FS of the sandy slope decreases by 28%, i.e., from 1.75 to
1.26. Observation of results revealed that the rate of
decrease in the FS depends on both the velocity of water
drawdown and the hydraulic conductivity. The influence of
the water drawdown velocity on the FS is discussed in
Sect. 4.4. A comparison of the groundwater tables at
t =70 days in Fig. 8a and b illustrates the influence of
different hydraulic conductivities on the groundwater table.
For a constant drawdown velocity, the rate of decrease in
the FS of the silty slope with smaller hydraulic conduc-
tivity, i.e., Ky = 3 X 10°° %, is greater than the FS of the
sandy slope. This is because a greater hydraulic conduc-
tivity in the sandy slope, i.e., K, = 1 x 107 % expedites
the drainage process and helps reduce the total weight of
the slope.

After the water drawdown, i.e., r = 70 — 90 days, there
is a slight increase in the FS in both the silty and sandy
slopes. The FS of the silty slope increases by 4.8%, i.e.,
from 1.47 to 1.54, and the F'S of the sandy slope increases
by 1.6%, i.e., from 1.26 to 1.28. The decline in the
groundwater table from ¢ = 70 days to r = 90 days, as
shown in Fig. 8, reduces the slope’s total weight and
consequently increases the FS after the water drawdown.

4.2 Influence of soil unit weight variation on FS

Figure 9 shows the influence of the soil unit weight vari-
ation on the FS in both silty and sandy slopes during the
water level fluctuation. The FS results in Fig. 9a and b
were calculated using the modified BS with the Vanapalli
et al. [33] model with two representative assumptions of
the soil unit weight in the unsaturated zone: varying soil

2.81 —®— Varying unit weight

->¢-- Constant unit weight (dry)
2.6
24
2.2
2.0
1.8

1.6

Factor of Safety

1.4

1.2

0 20 40 60 80
Time (day)

(a)

unit weight and constant soil unit weight (usually dry unit
weight). It is noted that the saturated unit weight was
assigned to the saturated zone under the groundwater table.
For the sandy soil, the unit weight of the unsaturated zone
between  7,, = 16.40kN/m*> and 7y, =
19.83 kN / m?> based on the degree of saturation. This range
for the silty soil is from y,, = 16.40kN / m?  to
Vear = 21.30kN / m?3. The dry soil unit weight for both the
silty soil and the sandy soil is 16.40 KN / m’.

In the silty slope, as shown in Fig. 9a, the consideration
of the soil unit weight variation for the unsaturated zone
yielded lower values of FS compared with the curve
obtained with the adoption of the dry unit weight in the
unsaturated zone. This is because the consideration of the
unit weight variation in the unsaturated silty soil above the
water table, which better reflects the reality, increases the
driving forces of landslides, i.e., the weight of the soil, and
thus decreases the FS of the slope. The difference between
the two curves varies from 3 to 6% during the transient
flow process. By contrast, the consideration of the soil unit
weight variation in the sandy slope, as shown in Fig. 9b,
does not make a noticeable difference in the FS results.
This contrast indicates that the influence of the unit weight
variation on the FS of slopes is sensitive to the soil types.
The influence of the spatial unit weight variation on FS
results during the water level fluctuation can be even more
significant for finer materials such as clay. On the contrary,
the soil unit weight variation in the unsaturated zone of
coarse-grained materials, e.g., sand and gravel, could be
negligible; thus, it is safe to use the dry unit weight in the
stability analysis of slopes composed of such soils.

To gain more insights into the cause of the difference,
spatial distributions of the degree of saturation in silty and
sandy slopes were extracted from the water head distribu-
tion. Figures 10 and 11 show the distributions at t = 0 and

varies
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Fig. 9 Influence of soil unit weight variation on FS results obtained from modified BS with Vanapalli et al. [33] model in a silty slope and

b sandy slope
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Fig. 10 Spatial variation in the soil unit weight at t=0 in a silty slope and b sandy slope
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Fig. 11 Spatial variation in the saturation at t=90 days in a silty slope and b sandy slope

t =90 days, respectively. In Fig. 10a, the majority of the
unsaturated zone in the silty slope has a degree of satura-
tion between “20-40%” with a unit weight of “17.4-18.4
kN/m>.” By contrast, in Fig. 10b, the dominant range of
degree of saturation in the unsaturated zone of the sandy
slope is “1-20%” with a soil unit weight of “16.4-17.0
kN/m>.” Figure 11 shows that the distribution of the sat-
uration changes during the water level fluctuation. A
comparison of Figs. 10 and Fig. 11 indicates that an
identical level of water table might exist with different
spatial saturation variations. In Fig. 11b, despite the
changes in the distribution of the degree of saturation, the
unsaturated unit weight in the sandy slope has a less
obvious variation than that in the silty slope. To show the
range of changes in the silty and sandy slopes, the degree
of saturation and soil unit weight along the pass x =22 m
are plotted in Fig. 12a and b for + = 0 and ¢ = 90 days,
respectively. In both plots, it can be easily seen that the
range of the changes for the unsaturated zone of the silty
slope is greater than the sandy slope. Thus, in the sandy
soil, the dry unit weight can be used in the slope stability

analysis for the unsaturated zone without causing a sig-
nificant difference in the results of FS.

4.3 Influence of unsaturated shear strength
models on FS

Slope stability analysis needs to be done with a soil shear
strength model. In fully saturated slopes, it is common to
adopt the widely accepted Mohr—Coulomb model. How-
ever, the model selection becomes more difficult and less
understood when an unsaturated zone is present in the
slope. To reveal the influence of unsaturated shear strength
models on the FS results during the water level fluctuation,
BS was modified with the two common unsaturated shear
strength models: the Fredlund et al. [8] and the Vanapalli
et al. [33].

Figure 13a and b presents the FS results with these two
shear strength models during the water level fluctuation in
the silty and sandy slopes, respectively. As can be seen, the
Fredlund et al. [8] model with the assumption of P’ = ¢’ /2
yielded higher values of FS in both the silty and sandy
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Fig. 12 Saturation and unit weight variation along the path x=22 in silty and sandy slopes at a t = 0 and b t = 90 days
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Fig. 13 Influence of two unsaturated shear strength models on FS results obtained from Modified BS in a silty slope and b sandy slope

slopes. This is because the Fredlund et al. [8] model
neglects the spatial variation in the saturation during the
transient flow, thus tends to produce a higher value for the
shear strength and the FS. The Vanapalli et al. [33] model
yielded more conservative values for the FS due to the
consideration of the degree of saturation in the shear
strength calculations. It was noticed that the critical slip
surface obtained with the Fredlund et al. [8] model at a
time t; is not necessarily identical to that obtained with the
Vanapalli et al. [33] model under the same geometrical,
material, and boundary conditions. From Fig. 13a, it was
observed in the silty slope that the FS values from the
Fredlund et al. [8] model are 2.5% to 5% higher than the
FS values from the Vanapalli et al. [33] model. By contrast,
Fig. 13b shows that the difference between FS values
obtained with the Fredlund et al. [8] model and the non-
linear Vanapalli et al. [33] model in the sandy slope is more
significant than that in the silty slope. For the sandy slope,
FS values computed using the Fredlund et al. [8] model are
14.6% to 28% higher than the FS values computed using
the Vanapalli et al. [33] model.
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Monitoring the pore water pressure and effective degree
of saturation during the water level fluctuation can help
further understand the above findings. Five points in the
slope (G, H, I, J, K) as shown in Fig. 3 were selected.
Changes of the pore water pressure at these five points in
both silty and sandy slopes during the water level fluctu-
ation are plotted in Fig. 14. The corresponding variation in
the effective degrees of saturation in sandy and silty soils is
presented in Fig. 15 which are derived from Fig. 14 by
applying Eq. 5. Comparing Fig. 14a and b shows that the
pore water pressures in both silty and sandy slopes have
similar distributions during the transient flow regardless of
the oscillations in the vicinity of the water table. This is
because the governing equation for the transient saturated—
unsaturated flow is highly nonlinear PDE at the interface
between saturated and unsaturated zones. The Fredlund
et al. [8] model only incorporates the changes in the pore
water pressure, Uy, as seen in Eq. 16. For this reason, the
Fredlund et al. [8] model for both types of soils, i.e., sandy
and silty, yields similar patterns for the FS results. Despite
the similar pore water distribution, the distribution of
effective saturation in the silty and sandy soils, Fig. 15a
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Fig. 14 Monitoring the pore water pressure during the water level fluctuation at points G, H, I, J, and K in a silty slope and b sandy slope
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Fig. 15 Variation in the degree of saturation during the water level fluctuation at points G, H, I, J, and K in a silty slope and b sandy slope

and b, is different. Effective saturation represents the
SWCC which illustrates the unique behavior of soil in the
seepage process [42]. The Vanapalli et al. [33] model
includes the SWCC in the computation of the FS by mul-
tiplying the degree of saturation, i.e., S, as seen in Eq. 17.
Therefore, the FS results with consideration of the Vana-
palli et al. [33] model for unsaturated shear strength seem
to be more reasonable for the transient saturated—unsatu-
rated model.

4.4 Effects of the water-level drawdown velocity
on FS

It has been claimed that the reduction in stabilizing influ-
ence of the hydrostatic pressure during the drawdown is
one of the major reasons for the decrease in the slope
stability [22, 25]. However, this statement was made
mostly from a static perspective. As a result, the possibility

that the water drawdown velocity can lead to different
magnitudes and patterns of FS variations in silty and sandy
slopes has not been well understood. In this study, the
influence of the drawdown velocity (V4) on the rate of the
reduction in FS values of the silty and sandy slopes was
investigated. For this purpose, the framework proposed in
this study was used to perform analyses using two water
level fluctuation profiles with different drawdown veloci-
ties. The two profiles, i.e., Case A and Case B, are plotted
in Fig. 16a and b. In Case A, the water level at t = 50 days
drops 6 m with the velocity of 0.3 m/day, while in Case B,
the water level declines with a higher velocity of
1.0 m/day. The duration of the drawdown in Case B is
6 days which is shorter than the duration of 20 days in
Case B. Figure 16a and b also presents the FS results
during the water level fluctuation of Case A and Case B,
respectively. For the calculation of FS, the modified BS
with the Vanapalli et al. [33] model was used.
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Fig. 16 Influence of the drawdown velocity on the variation in FS in a silty slope and b sandy slope

The FS results for Case B exhibit a higher rate of
reduction compared to the results for Case A in both sandy
and silty slopes. In Fig. 16a for the silty slope, it was
observed that the FS decreases 34.7%, i.e., from 2.25 to
1.47, during the drawdown with the consideration of Case
A. The drawdown in Case B leads to a 38.2% reduction in
the FS, i.e., from 2.25 to 1.39. The quick drop of the water
level in Case B within the shorter amount of time, 6 days,
yields a more 3.5% decrease in the FS. By contrast,
Fig. 16b for the sandy slope shows a 28.2% decrease in the
FS, ie., from 1.77 to 1.23, for Case A, and a 30.5%
decrease in the F'S, i.e., from 1.77 to 1.23, for case B. There
is a 2.3% difference between the reductions in the F'S value
comparing Cases A and Case B. Figure 16 shows that the
reduction in the stability of slopes during the water level
drawdown can be even more significant for the fine-grained
soils, i.e., clays, with lower hydraulic conductivities. A
lower drainage rate of the pore water pressure in the silty
slope increases the slope’s total weight and decreases the
stability of the slope.

5 Conclusion

In this study, a series of coupled seepage and slope stability
analyses were conducted to investigate the influence of the
water level fluctuation on the stability of the sandy and silty
slopes. Two widely adopted LEMs, i.e., the BS and OMS,
were modified to consider factors that were not well
understood for this topic: the shear strength of the unsat-
urated zone, spatial variation in the soil unit weight in the
unsaturated zone, and hydrostatic pressure for the partially
submerged slope. Coupled analyses considering the soil
unit weight variation, unsaturated shear strength models,
and drawdown velocity of the reservoir yielded the fol-
lowing major findings that can contribute to the state of
practice.

@ Springer

The decision on whether to consider the unit weight
variation in the unsaturated zone in slope stability
analysis needs to be made with respect to the soil type.
The results clearly showed that the consideration of the
soil unit weight variation does not have a noticeable
effect on the FS of slopes consisting of a sandy soil.
However, for slopes consisting of a silty soil, the FS
values with the consideration of the soil unit weight
variation are 3 to 6% lower than that without such
consideration, i.e., using dry unit weight for the
unsaturated zone. The comparison can be more obvious
when the soil types are even further apart in the particle
size axis, such as gravels and clays. Generally, for
slopes consisting of mostly coarse-grained materials,
the dry unit weight can be assigned to the unsaturated
zone without introducing a noticeable difference in the
FS results. Nonetheless, the consideration of a varying
unit weight yielded conservative FS predictions in
slopes containing fine-grained soils.

The selection of the unsaturated soil strength models
can affect the F'S calculations considerably. The degree
of saturation has a substantial impact on soil shear
strength. During the water level fluctuation, the Vana-
palli’s model (1996) can better formulate the changes
of the unsaturated shear strength by including the
SWCC, i.e., the term of the effective degree of
saturation, in the calculations. By contrast, the Fred-
lund et al. [8] model with the assumption of constant
¢" = ¢’ /2 yielded higher values of shear strength and
FS due to the exclusion of the relationship between the
matric suction and degree of saturation. Implementing
stability analysis with the assumption of Fredlund’s
model for the unsaturated shear strength is not
suggested during the water level fluctuation because
of the spatial and temporal variation in the degree of
saturation.
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The velocity of water drawdown in neighboring water
bodies, such as a reservoir, was shown to have a
noticeable influence on the slope stability. The slope
stability generally decreases as the drawdown velocity
increases, but the magnitude of the reduction in the FS
depends on the type of soil. The reduction in the FS
results of silty slopes is higher than that in sandy
slopes. Higher values of the hydraulic conductivity
help lower the groundwater table in the slope and thus
increase the slope stability.
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